In this paper, we aim to explore the properties and applications on the operators consisting of the Hodge star operator together with the exterior derivative, whose action on an arbitrary p-form field in n-dimensional spacetimes makes its form degree remain invariant.
Introduction
Differential forms are a powerful tool developed to deal with the calculus in differential geometry and tensor analysis. Their applications in mathematics and physics have brought about the increasingly widespread attention [1, 2, 3, 4] . Particularly, in multifarious branches of theoretical physics, such as general relativity, supergravity, (super)string theories, M-theory and so on, antisymmetric tensor fields are essential ingredients of these theories, while each of such fields is naturally in correspondence to a certain p-form (with the form degree p = 0, 1, 2, · · ·). As a consequence, the introduction of p-forms is able to offer great conveniences for the manipulation of antisymmetric tensor fields, even of various quantities that just contain antisymmetric parts. For instance, in some cases, if the Lagrangian of an n-dimensional theory is put into an n-form, the analysis on the symmetry of the theory becomes more convenient.
As is known, apart from the wedge product, both the Hodge star operator and the exterior derivative are thought of as two important and fundamental tools for manipulating differential forms. Their combinations can generate various useful non-zero operations [5, 6, 7, 8] , such as the well-known Laplace-Beltrami operator, codifferential (divergence operator) and d'Alembertian operation. Furthermore, if letting an arbitrary combined operation act upon any p-form field in n-dimensional (pseudo-)Riemannian manifold, one observes that the operator is able to generate l-forms only with six types of form degrees, that is, l ∈ {p, q, p ± 1, q ± 1}, where and in what follows q = n − p [5] . However, in the present work, of particular interest is all the operators that mix the Hodge star operation with the exterior derivative and can generate p-forms from p-forms because of the significance and relevance of these fields to general relativity and gauge theory. To move on, it is of great necessity to find all the probable structures of such operators first, as well as to exploit their main properties then. Actually, it will be demonstrated later that those operations could be expressed through the Laplace-Beltrami operator together with the combinations of the codifferential and the exterior derivative.
Working with the action of the above-mentioned combined operators on a certain pform field, one can obtain a variety of p-forms that are just the (2k)th derivatives of this field. Here k is an arbitrary nonnegative integer. These general p-forms, as well as their Hodge dualities, further enable us to construct n-forms with higher-order derivatives. As a significant example, in terms of the fact that the ordinary Lagrangians for the p-form gauge fields and scalars can be included as special cases of those n-forms, they may be adopted as appropriate candidates for Lagrangians with respect to p-form fields. If so, such a proposition would provide a novel understanding towards the p-form gauge theories. For the sake of clarifying this, we recognize that at least the structure of the n-forms, together with their main character, should be illustrated at the mathematical level. This is just our main motivation.
The remaining part of the current paper is organized as follows. In section 2, in terms of the action upon arbitrary p-form fields, we plan to carry out detailed investigations on the operators generating p-forms. We shall pay special attention to the Laplace-de Rham operator, together with the codifferential. In section 3, a general n-form, as well as its equivalent, will be constructed on basis of two general p-forms. In addition, their properties will be analyzed in detail. In section 4, inspired with the forms of the ordinary Lagrangians for p-form fields and scalars, we are going to put forward that the n-forms could play the role of the generalized Lagrangians with respect to p-forms. Then the equations of motion for the fields will be derived. The last section is our conclusions.
The operators generating p-forms from p-forms
In this section, through the combination of the Hodge star operation ⋆ and the exterior derivative d, we shall present a general operator that can generate differential forms of degree p from an arbitrary p-form field F, which is expressed as F = (p!) −1 F µ 1 ···µp dx µ 1 ···µp (From here on, dx µ 1 ···µp will always refer to the abbreviation for dx µ 1 ∧ ···∧ dx µp and F µ 1 ···µp denotes a totally anti-symmetric rank-p tensor). Further to illustrate such an operator, the Laplace-Beltrami operator, which could be expressed by means of the d'Alembertian (wave) operator as well as the codifferential, will be discussed in detail.
Without loss of generality, in an n dimensional spacetime, which is a pseudo-Riemannian manifold M endowed with the metric g µν of a Lorentzian signature (−, +, · · ·, +), we introduce Hodge star that is also referred to as the Hodge duality operator as the map from p-forms to q-forms (q = n − p), that is, [1, 2, 3] 
where Ω p (M ) stands for the space of p-forms on M . More specifically, by means of its action on the p-form F ∈ Ω p (M ), we obtain the following q-form
Here the completely anti-symmetric rank-n Levi-Civita tensor ǫ µ 1 ···µn is defined through ǫ 01···(n−1) = √ −g. Hence the Hodge duality of ⋆F is read off as ⋆ ⋆ F = (−1) pq+1 F.
Apart from the ordinary Hodge star operation, its various generalizations, as well as their applications in physics, have been investigated in many works (see [9, 10, 11, 12, 13, 14] , for example). What is more, the usual exterior derivative of the p-form is presented by dF = (p!) −1 ∂ σ F µ 1 ···µp dx σµ 1 ···µp , directly leading to a significant property of the exterior derivative that it gives zero when applied twice in succession to an arbitrary differential form, i.e., it fulfills the identity d 2 = 0.
As what has been demonstrated in [5] , both the operators O 1 and O 2 , defined in terms of the Hodge star operation together with the exterior derivative and expressed as 
where both α 1 and α 2 are constants (it is also allowed that they are functions of spacetime coordinates). It is straightforward to verify that O jk still guarantees the degree of an arbitrary p-form field to remain unchanged, namely, O jk :
In fact, without the consideration of the operations (⋆⋆) k ∈ {−1, 1}, O m jk could be viewed as the most universal operator constructed from the combination of the Hodge duality operation and the exterior derivative, which takes an arbitrary p-form back into a certain p-form. As a consequence, making use of such an operator to act on F, we are able to obtain a variety of p-form fields O m jk F that are the derivatives of order M ax{2mj, 2mk} of F.
Subsequently, substituting α 1 = (−1) np+1 and α 2 = (−1) n α 1 into the combined operator O 11 (α 1 , α 2 ), one can construct the well-known Laplace-Beltrami operator ∆ (it is also called as Laplacian or Laplace-de Rham operator in literature) from its action on the p-form field F, written as [1, 4] 
(2.5)
Here the duality of the operation combining the exterior derivative and Hodge starδ = (−1) np+n+1 ⋆ d⋆ represents the well-known codifferential, or coderivative, or co-exterior derivative [1, 2, 4] , which fulfillsδ 2 = 0,δd = (−1) np+1 O 1 (or d ⋆ d = (−1) p ⋆δd) and dδ = (−1) np+n+1 O 2 , while we adoptδ instead of the conventional δ to denote the codifferential since we prefer to reserve the latter for the variational symbol. The last equality of Eq. 
according to their respective actions on arbitrary p-forms. More properties and applications on the two operators ∆ andδ could be found in the works [6, 15, 16] .
By contrast with the exterior derivative, which increases the degree of a differential form by one unit, the codifferential decreases that of a form by one. Specifically, its operation on the p-form field F sends this one to the (p − 1)-form
that is to say,δ is consistent with the usual divergence operator div g . Furthermore, if the p-form F is an exact form, demanding that F = dA, where the field A ∈ Ω p−1 (M ) is a (p − 1)-form, the coderivative of F becomes
in which, after some algebraic manipulations, the component expressions forδdA and dδA are given by
respectively. Here and henceforth, the covariant d'Alembertian operator with respect to the metric tensor g µν is presented by = g µν ∇ µ ∇ ν . As a convention, a pair of square brackets on p indices refer to anti-symmetrization over those indices with the common factor of (p!) −1 , while the horizontal bars around an index denote that this one remains out of the anti-symmetrization.
Let us make some discussions on the applications of Eq. (2.9). In the case where A is an arbitrary scalar (0-form) φ(x), it yieldsδdφ = φ and dδφ = 0. On the other hand, for the case where A is a vector field, Eq. (2.9) gives rise to the result (
ensuring that the conserved current J µ K = 2∇ ν ∇ [µ ξ ν] involved in the well-known Komar integral [17] can be alternatively expressed as J K = −δdξ (its Hodge duality gives rise to the usual (n − 1)-form current). Here it is worthwhile to note that it is unnecessary to restrict ξ µ to a Killing vector, so it is equivalent with the generalized Komar current with respect to an almost-Killing vector in [18, 19] . One is able to check that the current naturally yields the divergence-free equationδJ K = 0. Furthermore, we put forward a more general conserved current associated with the arbitrary vector ξ µ , taking the form
Here and in what follows, χ i 's denote arbitrary constant parameters. Hence the 2-form potential corresponding to J (1) could be expressed as (2) . In general, based upon an arbitrary p-form field F, the action of the operator O 1 = (−1) np+1δ d on it renders the possibility to construct an anti-symmetric p-index tensor
which apparently obeys the constraint of covariant divergencelessnessδJ (p) = 0. Through
With the help of the operators ∆ andδ, we are able to recast the general operator O jk
where P =δd = (−1) np+1 O 1 for convenience, whose operation on a differential form has been given by Eq. (2.9). Within the above equation, if both α 1 and α 2 are allowed to be the functions of the spacetime coordinates, the properties
Moreover, Eq. (2.12) implies that it is completely possible to utilize the Laplace-Beltrami operator ∆ to manipulate differential forms so as to assist with a new perspective upon O jk . To demonstrate this, we address ourselves to such a problem. After letting ∆ operate on an arbitrary p-form F, we arrive at the so-called Weitzenböck identity 13) in which the p-form Ω(F), arising from the property of the non-commutativity of the covariant derivative associated with the (pseudo-)Riemannian geometry, takes the form
It should be pointed out that Ω = 0 if F is a 0-form (scalar). Throughout this work R ρσµν and R ρσ stand for the standard Riemann curvature tensor and the Ricci tensor of metric respectively. Specifically, the former is defined through 
In particular, when the spacetime is Minkowskian, according to the vanishing of the Riemann curvature tensor in such a spacetime, namely, R ρσµν = 0, the operator ∆ is identified with the standard wave operator = ∂ µ ∂ µ .
In the remainder of the present section, to provide a deeper understanding about the operator ∆, instead of the general situations, we take into account of its applications in several concrete types of fields. For example, when F is a closed and co-closed 2-form F (2) = F µν dx µν /2, that is to say, dF (2) = 0 together withδF (2) = 0, we obtain the wave equation for such a field in the tensor
What is more, making use of Eq. (2.13), we are able to reexpress the well-known Proca
, which describes the co-closed vector field A (1) = A µ dx µ with mass m, into the form
Specially, when the Ricci tensor R µν = λg µν , Eq. (2.19) becomes A (1) = (λ + m 2 )A (1) . 
For instance, when the (p − 1)-form A is a scalar φ, this equation leads to Obviously, if the spacetime is Ricci-flat, δ , m V = 0. When m = 1, the above equation leads to the property ξ = Ω(ξ) or ξ µ = −R µ σ ξ σ for Killing vectors. According to such a property, we make use of the equation ∆F (1) 
On basis of Eq. (2.26), one can go on doing so to get (∆ 4 ξ), (∆ 5 ξ), · · ·. As a matter of fact, ∆ k ξ must be of the general form (
Therefore, if ∆ k ξ = 0 holds for arbitrary Killing vectors, it is demanded that X µ (k)ν = 0, which enables one to construct equations containing higher-order derivative terms of curvature tensors. For example, in the k = 2 case, we get
To the contrary, if the spacetime is Ricci-flat, namely, R µν = 0, we deduce that ∆ k ξ = 0 holds for all Killing vectors. So we arrive at the conclusion that any Killing vector in Ricci-flat spacetime is harmonic.
The construction of n-forms and their properties
Within the present section, we shall utilize the operators O jk (α 1 , α 2 ) in Eq. (2.4) to construct n-forms Lmñ(F, H) in terms of the p-form fields F and H, as well as their equivalents.
To understand those, we are going to investigate several special cases where the operators are specifically ∆ and P.
Let us start with the action of the operatorŝ
on the p-form fields F and H. As already shown in Eq. (2.4), one observes thatÔ i α F and O k β H (i = 0, 1, · · ·,m and k = 0, 1, · · ·,ñ, where the arbitrary integersm,ñ = 0, 1, · · ·) are still p-form fields. Consequently, the combination of these fields allows us to construct two new p-form fieldsFm,Hñ ∈ Ω p (M ). Both of them are read off aŝ respectively, where γ i 's together with λ k 's are coupling constants, and it is set that both the operatorsÔ 0 α andÕ 0 β are taken to be the identity operation 1. Based upon the above two p-form fieldsFm andHñ, a general n-form Lmñ(F, H) is further defined through
The above Lmñ is one of our main desired results in the present work. Note that the n-form
Here the scalar product U ik between two differential p-formsÔ i α F andÕ k β H is defined through the contraction of their components, namely,
Obviously, U ik = U ki ifÔ α =Õ β and H = F.
Next, for the purpose of simplicity, we attempt to construct an alternative but equivalent formulation of the n-form Lmñ(F, H). As mentioned in the above, the operator of the codifferential together with the exterior derivative changes the degree of a differential form by one unit. Thus, their operation on a (p − 1)-form B and a p-form H enables us to derive the equality 6) or equivalently
From Eq. (3.6), one observes that dB ∧ ⋆H differs from −B ∧ ⋆δH only by an exact form or a total derivative term. As a consequence of Eq. (3.7), one getŝ
8)
with the boundary terms Θ 1 , Θ 2 ∈ Ω n−1 (M ) given by 
where a, b = 1, 2 and (·) µ stands for the total derivative term. Eq. (3.10) implies that ∆F ∧ ⋆H must be an exact form provided that H is a harmonic p-form.
Subsequently, with the help of Eq. (3.11), the n-form Lmñ(F, H) can be recast into the following equivalent form:
Lmñ =Ľmň + dΘ (n−1) , (3.12) in which the (n−1)-form Θ (n−1) represents some boundary term while the n-formĽmň(F, H)
is given byĽmň Finally, in order to illustrate the structure of the n-form Lmñ(F, H), we move on to take into account three typical cases where the operatorsÔ α andÕ β take the specifical values ∆ and P. First, letÔ α = ∆ =Õ β . In such a case, U ik is denoted by the notation U ik ∆ , taking the form 20) or equivalently
For concreteness, considering as a simple example the i, k = 0 and H = F case of Eq.
(3.20), we obtain
22)
which implies that the popular n-form F ∧ ⋆F can also be expressed with respect to the operators O 1 and O 2 . Second, in analogy to the above-mentioned case, we take into account of replacing both the operatorsÔ α andÕ β in U ik by means of the one P. In this case, the n-form U ik in Eq. (3.5) is of the form
To gain the surface term Θ ik P , Eq. (3.8) has been used. Here note that Θ ik P together with Θ ik ∆ could be used to express the surface term Θ (n−1) given by Eq. (3.12) . Third, in the case whereÔ α = ∆ andÕ β = P (orÔ α = P,Õ β = ∆), we have U ik = U ik ∆,P (or U ik = U ik P,∆ ). Both of them are written as
In comparison with Eq. (3.23), both the n-forms U ik ∆,P and U ik P,∆ differ from U ik P only by an exact form, that is,
25)
This means that U ik ∆,P and U ik P,∆ could be derived from U ik P , verifying the fact that the n-formĽmň(F, H) given by Eq. 
In light of Eqs. (3.25) and (3.26), regardless of the total derivative term, we come to the conclusion that U ik ∆ , U i,k+1 P , U i,k+1 P,∆ and U i,k+1 ∆,P are naturally equivalent with each other. With the n-form fields U ik ∆ , U ik P , U ik ∆,P and U ik P,∆ in hand, actually, it is completely feasible to express the general n-form U ik associated with the operatorsÔ α andÕ β through those fields. This is a direct consequence of the fact that the operators O k 1 = (−1) npk+k P k and O k 2 = (−1) npk+nk+k (∆ k − P k ). Therefore, in order to get the n-form Lmñ, one merely needs to carry out computations for U ik ∆ , U ik P , U ik ∆,P and U ik P,∆ alternatively, while the latter two could be derived from U ik P in virtue of Eq. (3.25). What is more, under the condition that the contributions from the surface terms could be neglected, the equivalence between Lmñ andĽmň guarantees that it is only necessary to evaluateǓ i ∆ andǓ k P . If so, the calculations are simplified notably.
A potential application to the construction of an extended
Lagrangian associated to a p-form In this section, as an application of the aforementioned n-form Lmñ(F, H), we shall propose a Lagrangian associated with an arbitrary p-form field A (p) . For simplicity, we will only focus on the detailed analysis about its equivalentĽmň(F, H) given by Eq. (3.13) instead of Lmñ. More specifically, it is merely required to take into consideration of the n-formsǓ i ∆ andǓ k P . According to such a Lagrangian, we are going to derive the equations of motion with respect to the fields.
As is well-known in the framework of gauge theory, for the Abelian (p − 1)-form gauge field A with the field strength F = dA, one popular form of its Lagrangian can be presented by means of 
In order to get the second equation in Eq. (4.2), we have imposed the constraint that the field A satisfies the Lorentz gauge condition that A is co-closed, namely, (δA) µ 3 ···µp = ∇ ρ A ρµ 3 ···µp = 0, or we apply Eq. (3.10) to modify the Lagrangian (4.1) as the onẽ
which covers the gauge-fixed Lagrangians within the Minkowskian spacetime manifold in [14] . Obviously, Eq. (4.2) demonstrates that the usual Lagrangian for the (p − 1)-form A can be described by the n-form Lmñ(A, A) as well. In comparison with Eq. (4.1), as we shall see later, it is of great convenience to derive the equations of motion for the field in terms of the form of the Lagrangian given by Eq. (4.2). What is more, for the well-known Lagrangian L(φ) with respect to the scalar field φ, usually given by L(φ) = √ −g∇ µ φ∇ µ φ, it could be equivalently of the form
without consideration of the contribution from the boundary term. That is to say, in analogy to the Lagrangian of the field A, the one for the scalar field might also be regarded as a special case of Lmñ. presented by Eq. (3.13) rather than Lmñ(A (p) , A (p) ) as the form of the Lagrangian.
In the remainder of this section, on basis of the LagrangianĽmň A (p) , A (p) , we take into account of the derivation for the Euler-Lagrange equation of motion associated with the p-form A (p) . To do this, on one hand, via varying the n-formǓ i ∆ A (p) , A (p) with respect to A (p) , we obtain
where the surface terms Ψ ij ∆ are given by
If δǓ i ∆ = 0, we get the equations of motion ∆ i A (p) = 0, demonstrating that a simple solution is the closed and co-closed form A (p) satisfying dA (p) = 0 =δA (p) . For instance, when i = 1, we have the field equation for the 2-form A (2) with the help of Eq. (2.13), that is,
which could be interpreted as the field equation associated with the Kalb-Ramond Lagrangian L KR = dA (2) ∧ ⋆dA (2) /2 [20] under the divergence-free gauge conditionδA (2) = 0, and when i = 2, the equation of motion for the 1-form A (1) is read off as
On the other hand, in an analogous way to the above-mentioned analysis on δǓ i ∆ , let us deal with the variation of the n-formǓ k P A (p) , A (p) with respect to the field A (p) . This gives rise to
with the boundary terms Ψ kj P defined through
Similarly, δǓ k P = 0 yields the equations of motion P k A (p) = 0, according to which one gains P k−1δ F (p+1) = 0 and ∆ k F (p+1) = 0, where the closed (p + 1)-form F (p+1) = dA (p) . Letting us specialize to the case where k = 1 and A (p) is the aforementioned (p − 1)-form A, we observe that
which is just the field equation relevant for the Lagrangian (4.1). Here F = dA as before.
In the assumption that the Lorentz gauge conditionδA = 0 holds, Eq. (4.11) further transforms to ∆A = 0 or A µ = R σ µ A σ . Ultimately, according to the fact that the variations of the n-formsǓ i ∆ A (p) , A (p) anď U k P A (p) , A (p) are sufficient for the derivation of the field equations related to the La-grangianĽmň A (p) , A (p) , we make use of Eqs. 
Conclusions
In the present paper, we have systematically investigated the properties of the operators that is able to generate differential forms maintaining the invariance of the degree for an arbitrary p-form field, as well as their applications in constructions of n-forms and Lagrangians associated with p-form fields. More explicitly, through the linear combination of the operators O 1 and O 2 , which are made up of the Hodge star operation and the exterior derivative, we have gained the general operator O jk (α 1 , α 2 ) given by Eq. (2.4) or (2.12).
In order to understand such an operator, we have given detailed analysis on the related Laplace-de Rham operator ∆ and the codifferentialδ. Particularly, the concrete relationship between the former and the d'Alembertian operator has been established through Eq. 
